An n-generalized topological (n-GT) space is a pair (X, G ) of a nonempty set X and a collection G of n (n ∈ N) distinct generalized topologies (in the sense of A. Császár [1]) on the set X. In this paper, we look into G -continuous maps, G -open and G -closed maps, as well as G -homeomorphisms in terms of n-GT spaces and establish some of their basic properties and relationships. Moreover, these notions are also examined with respect to the component generalized topologies of the underlying spaces by defining and characterizing pairwise versions of the said types of mappings.
Introduction
Open sets play as a fundamental notion that underlies almost any other topological concept. When A. Császár [1] in 2002 weakened the conditions that are to be satisfied by an open set, the landscape of topological spaces widened significantly. In [1] , he defined a generalized topological space (briefly, GT space) (X, µ) as a pair of a nonempty set X and an associated family µ of subsets of X satisfying only the conditions that ∅ ∈ µ and an arbitrary union of sets in µ belongs to µ. Naturally, the elements of µ are termed µ-open sets. In the same space, the µ-closure c µ (A) of a subset A of X is also defined as the intersection of all µ-closed sets containing A while the µ-interior i µ (A) of A is the union of all µ-open sets contained in A [1] . Other basic properties of a GT space were cited in [6] and [5] .
Following this generalization, the idea of utilizing two or more GTs to form a new type of topological space were deeply explored in many succeeding studies. Some of these results are seen in [5] , [8] , [9] , [10] , [12] , [13] , [14] , [15] , [16] , [17] , and [19] . In particular, an n-generalized topological space (briefly, n-GT space) is defined in [2] as a pair (X, G ), where X is a nonempty set and G = {µ 1 , . . . , µ n } is a finite collection of n GTs on X, for some n ∈ N. In this space, the G -closure of A ⊆ X, denoted by c G (A), is the intersection of all sets F containing A where F = X \ G for some G ∈ ∪ n j=1 µ j while its G -interior, denoted by i G (A), is the union of all sets G contained in A for some G ∈ ∪ n j=1 µ j . Consequently, A ⊆ X is said to be G -closed if c G (A) = A and is G -open if i G (A) = A. These mentioned sets in an n-GT space naturally satisfy basic properties analogous to that of a GT. Most relevant in this paper are that the arbitrary union G -open sets is also G -open and the arbitrary intersection of G -closed sets is also G -closed. Also, each µ j -open set is G -open for all j = 1, . . . , n so that for any G -open set A, we can always find a j and a µ j -open set U j such that U j ⊆ A. Additionally, by definition of G -interior and G -closure, for each A ⊆ X, we have i G (A) ⊆ A and A ⊆ c G (A). On a finer note, it is observed that
Functions that arise from these new spaces were also studied in detail. They were modified to fit the definition of open sets in each of these domains. Among the popular types of functions tackled are the continuous maps, open and closed maps, as well as homeomorphisms (see [3] , [4] , [6] and [11] , [18] ). This paper intends to examine new variations of continuity, open maps and homeomorphisms in terms of n-GT spaces and to inquire into the idea of localizing these mappings to the component GTs of the underlying spaces.
G -continuous Functions
We first define and establish the existence of G -continuous maps:
This means that f is G -continuous at (a, b) and because (a, b) ∈ X is arbitrary, f is therefore G -continuous.
This type of mapping also manifests for vertex and arc sets of a directed graph as in the following: Example 2. 3 . Let D be a directed graph with no loops and multiple edges and with finite vertex set V (D) and arc set E(D) and let P 1 , . . . , P n be the distinct maximal nontrivial paths in D. For each j = 1, . . . , n, let µ j be a family of subsets of V (D) containing precisely the empty set and all subsets of V (D) whose elements induce a union of subpaths of the maximal path P j . Then each µ j is a GT on V (D) and consequently, if G = {µ 1 , . . . , µ n }, then (V (D), G ) is an n-GT space. Moreover, for each k = 1, . . . , n, let E k be the collection of arcs in the maximal path P k and ν k = P(E k ) be the power set of E k . Clearly, each ν k is a GT on E(D) and so if we put
open set containing ϕ(e) = u, then we can find a k and a G k ⊆ U such that u ∈ G k ∈ µ k . Now, the vertices in G k form a union of subpaths of the maximal path P k and with arcs from E k . Let E * k be the collection of arcs formed by the vertices in G k . By the definition of G E ,
By the arbitrary nature of e, ϕ is G -continuous.
In the succeeding discussions, we assume that (X, G X ) and (Y, G Y ) are m-GT and n-GT spaces, respectively, where G X = {µ 1 , . . . , µ m } and G Y = {ν 1 , . . . , ν n } for some m, n ∈ N and adapt the notations U = m j=1 µ j and V = n k=1 ν k . For convenience, we also adapt the notations c X (A) and i X (A) to signify the G X -closure and G X -interior whenever A ⊆ X.
A G -continuous map also satisfy the following properties which are analogous to that of a continuous map as in [7] :
Then the following statements are equivalent:
The notion of a (µ, ν) (j,k) -continuous map, where j, k = 1, 2 are distinct, analogously defined for a bigeneralized topological space seen in [6] , may be extended to maps between an m-GT space and n-GT space: 
In the next results, some relationships between G -continuity and (µ, ν) (j,k) -continuity are established:
Theorem 2.9 implies that to inspect for G -continuity at a point of the domain, we may simply find for each component GT of (Y, G Y ) a corresponding component GT of (X, G X ) for which the continuity in the sense of Definition 2.7 holds.
Some properties of (µ, ν) (j,k) -continuity can be drawn by a simple extension of those that are enumerated in [6]: 2. In Example 2.8, we observe that for a pair s, t ∈ N where 1 ≤ s ≤ n and 1 ≤ t ≤ m and for y ∈ Y , 0 ≤ n−y n ≤ 1 which means that f (y) ∈ R 1 0 and so if t = 1, f vacuously satisfies (ν, µ) (s,t) -continuity on y. Now, if t = 1, we note that Y = [0, n] is ν s -open for all s = 1, . . . , n and recall that the µ 1 -open set containing f (y) are precisely the sets
This indicates that f is (ν, µ) (s,t)continuous at y. From these cases, we can see that with the arbitrary nature of y, f is pairwise (ν, µ)-continuous. 1 (B) ) for all B ⊆ Y and for all j = 1, . . . , m; and 1 (B) ) for each j = 1, . . . , m. 1 (B) ).
By the equivalence in Theorem 2.11, and since j, k are arbitrarily chosen, we see that f is pairwise (µ, ν)-continuous.
G -open and G -closed maps
Now, we define and examine G -open and G -closed maps on n-GT spaces: By the uniqueness of s, we see that ϕ * is a well-defined map. Also, by definition of the
G -open map. Meanwhile, for any G V -closed set F , we see that ϕ * (F ) is definitely a G E -closed set. That is, ϕ * is a G -closed map. 
The converse of Theorem 3.12 is not generally true as seen in Example 3.10 (2). 
G -homeomorphisms
This section basically displays the relationships of G -continuous maps to G -open and G -closed maps in form of G -homeomorphisms. In the sense of ordinary topological spaces, the existence of homeomorphisms between two topological spaces identifies an equivalence of their structures. Here, we investigate whether the existence of such likeness extends this time to n-GT spaces. 
, ν n } for some m, n ∈ N.
1.
A bijective map f : X → Y is a G -homeomorphism if both f and f −1 are Gcontinuous maps. In this case, we use the notation f : X G ∼ = Y to denote that f is a G -homeomorphism. 2 . If there exists a G -homeomorphism f : X G ∼ = Y , then we say that the spaces X and Y are G -homeomorphic.
Example 4.2. By the definition of the spaces (X, G 1 ) and (X, G 2 ) in Example 3.10 (2), we see that the identity map between these particular spaces easily provides a Ghomeomorphic map. In a wider sense, if f : X → Y is any bijection and (X, G X ) and (Y, G Y ) are as defined in Example 3.10, then f is in fact a G -homeomorphism. However, it should be noted that not every bijective mapping is a G -homeomorphism: see this by simply dropping Q n (or any of the component GTs) in the n-GT space (Y, G Y ) in the same example. 
